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Wkh Hgjhzruwk/ Frxuqrw dqg Zdoudvldq Fruhv
ri dq Hfrqrp|
Pduwlq Vkxeln
Dxjxvw 4/ 5336
Devwudfw
Wkuhh yduldwlrqv ri wkh fruh ri d pdunhw jdph uhsuhvhqwlqj dqg h{fkdqjh
hfrqrp| duh frqvlghuhg dqg frpsduhg1 Wkh srvvlelolw| iru xwlol}lqj wkh Zdoudvldq
fruh wr uh hfw fhuwdlq prqhwdu| skhqrphqd lv qrwhg1
Nh|zrugv= Pdunhw jdph/ Vwudwhjlf pdunhw jdph/ h{fkdqjh hfrqrp|/ fruh/ fkdu0
dfwhulvwlf ixqfwlrq1
MHO Fodvvlfdwlrq= F:4/ G8

Frqwhqwv
4 Zdoudvldq Fruhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
414 Lqvwlwxwlrqdo yhuvxv Qrq0lqvwlwxwlrqdo Dssurdfkhv 1 1 1 1 1 1 1 1
415 Wkuhh Dssurdfkhv Frqvlghuhg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
416 Shfxqldu| H{whuqdolwlhv dqg Pdunhwv dv d Zhdn Sxeolf Jrrg 1
417 Wkh Fkdudfwhulvwlf dqg wkh Jhqhudol}hg Fkdudfwhulvwlf Ixqfwlrq
Q 0Shuvrq Jdph 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
41714 Wkh Frqfhsw ri f0jdph 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
41715 Wkh jhqhudol}hg fkdudfwhulvwlf ixqfwlrq 1 1 1 1 1 1 1 1 1 1
5 Wkh Hgjhzruwk Fruh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
6 Wkh Frxuqrw Fruh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
7 Wkh Zdoudvldq Fruh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
8 Vrph Ixuwkhu H{whqvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
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Zdoudvldq Fruhv

Wkh fruh ri d pdunhw jdph dqg lwv uhodwlrqvkls wr dq h{fkdqjh hfrqrp| lv zhoo nqrzq
lq hfrqrplf wkhru| dqg surylghv d ydoxdeoh olqn lq rxu xqghuvwdqglqj ri wkh qdwxuh
ri erwk frpshwlwlrq dqg frooderudwlrq lq dq h{fkdqjh hfrqrp| zlwk pdq| djhqwv1
Wkh sdshuv ri Vkxeln ^45`/ Gheuhx dqg Vfdui ^6` dqg pdq| rwkhuv kdyh h{soruhg wkh
uhodwlrqvkls ehwzhhq h{fkdqjh hfrqrplhv dqg pdunhw jdphv lq pdq| edvlf zd|v1
Sduw ri wkh surjudp ri Vkdsoh| dqg Vkxeln ^44` lq wkhlu ghyhorsphqw ri Pdu0
nhw Jdphv zdv wr h{soruh pdq| frrshudwlyh jdph wkhruhwlf vroxwlrqv dqg wr xqghu0
vwdqg wkhlu uhodwlrqvkls wr wkh frpshwlwlyh htxloleuld dq h{fkdqjh hfrqrp| zlwk pdq|
djhqwv1 Wkxv qrw rqo| zdv wkh fruh vroxwlrq frqvlghuhg/ vr zdv wkh ydoxh/ qxfohroxv
+Vfkphlgohu ^;`, dqg vhyhudo rwkhuv1
Qrwdeo| plvvlqj iurp wkh olvw ri frpsdulvrqv ri wkh forvhg frpshwlwlyh htxlole0
ulxp prgho dqg wkh pdunhw jdph wuhdwphqw ri h{fkdqjh zdv wkh FrxuqrwQdvk qrq0
frrshudwlyh htxloleulxp1 D olwwoh uh hfwlrq rq zk| rqh ri wkh roghvw pdwkhpdwlfdo
prghov lq hfrqrplfv vkrxog eh plvvlqj iurp wkh olvw ri jdph wkhruhwlf vroxwlrqv frq0
vlghuhg/ vkrzv wkdw wkh glvwlqfwlrq lq prgholqj ehwzhhq wkh frrshudwlyh dssurdfkhv
wr wkh vwxg| ri wkh sulfh v|vwhp dqg wkh qrqfrrshudwlyh dssurdfk lv ixqgdphqwdo1
Wkh Pdunhw Jdph dssurdfk xvhv wkh Frdolwlrqdo Irup ri d jdph zlwk lwv sulplwlyh
frqfhsw ehlqj wkh Fkdudfwhulvwlf Ixqfwlrq4 ri dq q0shuvrq Jdph1 Wkh prghov wr
zklfk wkh qrq0frrshudwlyh wkhru| duh dssolhg xwlol}h wkh Vwudwhjlf ru wkh H{whqvlyh
Irup ri dq q0shuvrq jdph1 D nh| glvwlqfwlrq ehwzhhq dq h{fkdqjh hfrqrp| prghohg
lq frdolwlrqdo irup dqg rqh prghohg lq vwudwhjlf irup lv wkdw lq wkh iruphu wkhuh lv qr
h{solflw phfkdqlvp iru sulfh irupdwlrq/ zkhuhdv lq wkh odwwhu wkh qhhg wr eh h{solflw
derxw wkh uxohv ri prwlrq zlwklq wkh jdph fdoov iru wkh vshflfdwlrq ri krz sulfh
lv iruphg1 Lw zdv wkh revhuydwlrq wkdw lq rughu wr eh deoh wr frqvlghu wkh surshu0
wlhv ri Frxuqrw frpshwlwlrq lq d forvhg hfrqrp|/ wkh hfrqrp| kdg wr eh prghohg lq
vwudwhjlf irup/ wkdw ohg wr wkh frqvwuxfwlrq ri Vwudwhjlf Pdunhw Jdphv ^47`/ ^44`/ ^<`1
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Lqvwlwxwlrqdo yhuvxv Qrq0lqvwlwxwlrqdo Dssurdfkhv

Lq ylhzlqj vrph whfkqlfdo sureohpv lq wu|lqj wr frqvwuxfw dq lqwulqvlfdoo| v|pphwulf
jdph zlwk q wudghuv wudglqj lq q frpprglwlhv/ wkh rog sureohp ri vhohfwlqj wkh
frpprglw| wr eh d xqlw ri dffrxqw pdgh wkh wuhdwphqw ri v|pphwulf urohv iru doo
wudghuv gl!fxow xqohvv rqh lqwurgxfhg dq h{wud frpprglw|1 Wklv h{wud frpprglw|
kdg d qdwxudo lqwhusuhwdwlrq lq whupv ri d prqh| lq wkh v|vwhp1 Ixuwkhupruh jlylqj
hdfk djhqw d vxsso| ri dw ohdvw rqh frpprglw| dqg d vxsso| ri wkh prqh| hqdeohg
rqh wr frqvwuxfw dq hohphqwdu| vlpsoh sulfh irupdwlrq ghylfh1
Dw uvw jodqfh wkh vhhplqjo| lqqrfhqw dfwlrq ri dgglqj d frpprglw| wr surylgh
dq h{wud ri ghjuhh iuhhgrp wr idflolwdwh wkh frqvwuxfwlrq ri v|pphwulf vwudwhj| vhwv
fdq eh grqh xwlol}lqj d fwlrqdo xqlw ri dffrxqw zkrvh qhw vxsso| lv }hur ru e| xvlqj d
pdjlfdo x0prqh| lq qlwh vxsso|1 Wkhuh lv d glvwlqfw glhuhqfh ehwzhhq wkh wzr1 Rqh
uh hfwv wkh sxuh qxphudluh surshuwlhv ri d prqh| dqg wkh rwkhu lwv surshuwlhv dv d
4

Pruh suhflvho| zh vkrxog glvwlqjxlvk ehwzhhq wkh fkdudfwhulvwlf ixqfwlrq ri dq q0shuvrq jdph
zlwk vlgh0sd|phqwv dqg wkh pruh frpsolfdwhg fkdudfwhul}lqj ixqfwlrq iru qr0vlgh0sd|phqwv1

5

vshfldo frpprglw|1 Zkhq frqvlghuhg iurp wkh ylhzsrlqw ri frrshudwlyh jdph wkhru|/
wkh uvw ohdgv qdwxudoo| wr d wuhdwphqw yld qr0vlghsd|phqw +QVS, jdph wkhru| dqg
+zkhq wkh vxsso| ri wkh vshfldo prqhwdu| jrrg lv odujh hqrxjk, wkh vhfrqg ohdgv wr
d wuhdwphqw yld vlgh0sd|phqw +VS, jdphv1
Wkh dssurdfk ri frrshudwlyh jdph wkhru| wr wkh vwxg| ri hfrqrplf h{fkdqjh lv
dw d kljkhu ohyho ri devwudfwlrq wkdq lv jhqhudo htxloleulxp wkhru|1 Wklv fdq eh vhhq
lpphgldwho| iurp wkh revhuydwlrq wkdw wkh uhodwlrqvkls ehwzhhq d pdunhw jdph dqg
dq h{fkdqjh hfrqrp| lv vxfk wkdw wkhuh duh pdq| h{fkdqjh hfrqrplhv wkdw pds rqwr
wkh vdph pdunhw jdph1 Wkh frqfhuqv ri Vkdsoh| dqg Vkxeln lq wkhlu vwxg| ri wkh
frqyhujhqfh surshuwlhv ri ydulrxv jdph wkhruhwlf vroxwlrqv wr Pdunhw Jdphv zhuh wr
vkrz wkh hphujhqfh ri sulfh udwkhu wkdq wr dvvxph lwv h{lvwhqfh1
Wkh pdwkhpdwl}dwlrq ri jhqhudo htxloleulxp wkhru| kdv ehhq fduulhg rxw lq d zd|
wkdw plqlpl}hv lqvwlwxwlrqdo frqwhqw1 Pdunhwv dqg wkh phfkdqlvpv iru iruplqj sulfh
duh qrw vshflhg eh|rqg frpphqwv rq vxsso| dqg ghpdqg ru h{fhvv ghpdqg frqgl0
wlrqv1 Hvvhqwldoo| wkh lqvwlwxwlrqdo ghwdlo lv vzhsw dzd| e| wkh lpsolflw dvvxpswlrq ri
d odz ri rqh sulfh lq hdfk pdunhw15
Lq frqwudvw zlwk wkh wzr deryh/ wkh irupxodwlrq ri Vwudwhjlf Pdunhw Jdphv zdv
ghyrwhg h{solflwo| wr ixoo| ghqlqj pdunhw h{fkdqjh lq wkh vwudwhjlf irup ri d jdph1
Li lqvwlwxwlrqv duh uhjdughg dv wkh fduulhuv ri surfhvv/ wkh dfw ri frpsohwho| ghqlqj
d sod|deoh jdph lq vwudwhjlf irup fdoov iru/ dw wkh yhu| plqlpxp/ wkh vshflfdwlrq
ri phfkdqlvp zklfk fdq eh lqwhusuhwhg dv plqlpdo lqvwlwxwlrqv1 Wklv surylghv iru d
zd| wr frqvlghu wkh lqyduldqw surshuwlhv ri pdunhwv dqg rwkhu qdqfldo lqvwlwxwlrqv1
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Wkuhh Dssurdfkhv Frqvlghuhg

Zkhq rqh frqvlghuv Hgjhzruwk*v ^7` wuhdwphqw ri h{fkdqjh lw lv qdwxudoo| jhqhudol}hg
wr d qr0vlghsd|phqw +QVS, jdph wkhruhwlf prgho1 Wkh prgholqj sureohpv idfhg
lq wudqvodwlqj wkh Hgjhzruwk prgho ri wudglqj dprqj vxevhwv ri djhqwv surylghv d
gluhfw dqg vlpsoh zd| wr ghqh wkh fkdudfwhulvwlf ixqfwlrq ri d pdunhw jdph1 Zh
frqvlghu wkh srvvlelolw| wkdw dq| vxevhw V ri wudghuv lq d jdph lqyroylqj Q wudghuv
fdq fkrrvh wr olplw h{fkdqjh wr wkhlu rzq jurxs zlwkrxw ehlqj wlhg lq dq| zd| wr
wkh rwkhuv1 Lq wkh whuplqrorj| vxjjhvwhg e| Vkdsoh| dqg Vkxeln vxfk d jdph fdq eh
ghvfulehg dv d f0jdph/ l1h1/ d jdph lq frdolwlrq irup zkhuh wkh xqghuo|lqj udwlrqdo
iru dvvljqlqj wkh vwuxfwxuh ri wkh ihdvleoh vhw ri lpsxwdwlrqv ri zhdowk dfklhydeoh e|
wkh sod|huv dghtxdwho| uh hfwv wkh sk|vlfdo surfhvv ehlqj frqvlghuhg1 Wklv vwdwhphqw
lv/ ri qhfhvvlw| vrphzkdw ydjxh/ exw lw lghqwlhv rqh ri wkh frqvlghudeoh gl!fxowlhv
lq wkh h{dplqdwlrq ri jdphv lq frdolwlrqdo irup1 Wklv gl!fxow| zdv suhvhqw lq wkh
ruljlqdo zrun ri yrq Qhxpdqq dqg Prujhqvwhuq dqg wkh| dwwhpswhg wr vroyh lw e|
lqwurgxflqj d gxpp| Q . 4vw sod|hu lqwr d Q0shuvrq qrq}hur vxp jdph1
Dowkrxjk dw uvw jodqfh wkh Hgjhzruwk dssurdfk wr wkh hphujhqfh ri wkh sulfh
v|vwhp pljkw dsshdu wr eh hdvlo| frqvlvwhqw zlwk Zdoudv ru Frxuqrw/ wkhuh duh vhyhudo
5

Dq|rqh zkr kdv orrnhg dw dq dfwxdo pdunhw lq uhdo wlph nqrzv wkdw/ dw ehvw/ rqh sulfh lv
dq h{wuhpho| fuxgh dssur{lpdwlrq dv wkh sulfh irupdwlrq ghshqgv rq d p|uldg ri ghwdlohg hpslul0
fdoo| revhuydeoh yduldeohv vxfk dv wudqvsruwdwlrq frvwv/ lqirupdwlrq dqg hydoxdwlrq/ sdfndjlqj dqg
suhvhuylqj/ lqyhqwru|lqj/ dffrxqwlqj/ 111hwf1

6

vxewoh srlqwv dprqj doo wkuhh1 Lq hvvhqfh/ dowkrxjk doo wkuhh zhuh zulwlqj zhoo ehiruh
wkh ghyhorsphqw ri sxuh jdph wkhru| phwkrgv/ wkh| doo kdyh dq lpphgldwh dqg gluhfw
lqwhusuhwdwlrq lq whupv ri jdph wkhru|1 Hgjhzruwk*v dssurdfk zdv fohduo| frdolwlrqdo
dqg zdv d qdwxudo suhfxuvru ri wkh fruh ri d pdunhw jdph ^43`1 Frxuqrw*v dssurdfk ^5`
zdv fohduo| qrq0frrshudwlyh dqg zdv d qdwxudo suhfxuvru ri wkh qrqfrrshudwlyh htxl0
oleulxp dssurdfk wr jdphv lq vwudwhjlf irup ^8`1 Zdoudv* ^49` zrun sodfhg hpskdvlv
rq wkh lq xhqfh ri wkh sulfh v|vwhp dv d ghylfh iru wkh h!flhqw ghfhqwudol}dwlrq ri
lqglylgxdo ghflvlrq pdnlqj1 Iurp wkh jdph wkhruhwlf srlqw ri ylhz/ wkh frpshwlwlyh
htxloleuld ri dq h{fkdqjh hfrqrp|6 pd| eh uhjdughg dv wkh olplw ri wkh fruh ru rwkhu
vroxwlrqv dv wkh qxpehu ri djhqwv lq wkh hfrqrp| ehfrphv odujh1
Wkhuh duh vhyhudo zd|v lq zklfk rqh fdq sruwud| wkh phdqlqj ri wkh qxpehu ri
djhqwv ehfrplqj odujh1 Zh fdq frqvlghu uhsolfdwlrq/ uhsodflqj rqh exwfkhu ru ednhu
e| n exwfkhuv ru ednhuv ru zh fdq frqvlghu d frqwlqxxp ri djhqwv1 Zkhq zh gr wkh
odwwhu/ pdwkhpdwlfdo olqnv ehwzhhq jhqhudo htxloleulxp wkhru| dqg qrqfrrshudwlyh
jdph wkhru| phwkrgv fdq eh irujhg1 Exw iru pdq| sxusrvhv ri hfrqrplf dqdo|vlv/
rqh fdq pdnh wkh vlpsoh dvvxpswlrq wkdw lq d Zdoudvldq hfrqrp| wkh lqglylgxdo
vpdoo djhqwv duh sulfh wdnhuv dqg zh gr qrw qhhg wr eh frqfhuqhg zlwk jurxs dfwlrq
ru frdolwlrqv1
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Shfxqldu| H{whuqdolwlhv dqg Pdunhwv dv d Zhdn Sxeolf Jrrg

Dq duwlfoh e| Ylqhu ^48` lq wkh 4<63v qrwhg wkdw ghyhorsphqwv lq rqh lqgxvwu| pd|
fkdqjh frvwv ri lqsxwv wr dqrwkhu lqgxvwu|1 Kh whuphg wklv skhqrphqrq wr eh d
shfxqldu| h{whuqdolw| dqg qrw dq h{whuqdolw| fdxvhg e| wkh lqwhudfwlrq ri sk|vlfdo
surfhvvhv1 Wkh h{whuqdolw| vxjjhvwhg e| Ylqhu fdq ehvw eh ghvfulehg dv d qhwzrun
h{whuqdolw| fdxvhg e| wkh frqqhfwlrqv lq dq hfrqrp| zkhuh doo djhqwv duh lqwhuolqnhg
yld d pdunhw v|vwhp xwlol}lqj vrph irup ri prqh|/ fuhglw dqg sulfhv1 L vxjjhvwhg ^46`
wkdw d zd| wr ylhz wkh frqfhsw ri d shfxqldu| h{whuqdolw| lv dv d zhdn h{whuqdolw|
zklfk pd| pruh ru ohvv dwwhqxdwh dv wkh qxpehu ri djhqwv ehfrphv odujh1
Lq wkh iroorzlqj vhfwlrqv wkh glvwlqfwlrqv dprqj wkh wkuhh dssurdfkhv qrwhg deryh
duh frqvlghuhg dw wkh ohyho ri wkh irupdwlrq ri wkh fkdudfwhulvwlf ixqfwlrq1
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Wkh Fkdudfwhulvwlf dqg wkh Jhqhudol}hg Fkdudfwhulvwlf Ixqfwlrq
ri dq Q 0Shuvrq Jdph

D nh| ihdwxuh lq wkh wkhru| ri frrshudwlyh vlgh0sd|phqw q0shuvrq jdphv lv wkh Fkdu0
dfwhulvwlf Ixqfwlrq1 Wkh lghd lv wr fdswxuh lq d vlqjoh qxphulfdo lqgh{ wkh srwhqwldo
zruwk ri hdfk frdolwlrq ri sod|huv1 Wkh fkdudfwhulvwlf ixqfwlrq lv wkh qdo glvwloodwlrq
ri wkh ghvfulswlyh skdvh ri wkh wkhru|1 Lw pd| dovr eh uhjdughg dv d suhvroxwlrq ru
dv d uvw fuxgh fxw dw d vroxwlrq1
Zlwk wkh fkdudfwhulvwlf ixqfwlrq lq kdqg/ doo txhvwlrqv ri wdfwlfv/ lqirupdwlrq/ dqg
sk|vlfdo wudqvdfwlrqv duh uhpryhg1 Dv pxfk dv srvvleoh lw lv lqvwlwxwlrq iuhh1 Wkh
6

Wkh txdolfdwlrq h{fkdqjh hfrqrp| lv xwlol}hg khuh ehfdxvh wkh lqwurgxfwlrq ri surgxfwlrq
eulqjv lq frqvlghudeo| pruh gl!fxowlhv zklfk duh qrw jhupdlqh wr wkh glvfxvvlrq khuh1

7

fkdudfwhulvwlf ixqfwlrq lv sulpdulo| d ghylfh iru glylglqj gl!fxowlhv dqg iru holplqdw0
lqj dv pdq| glvwudfwlrqv dv srvvleoh lq suhsdudwlrq iru wkh frqiurqwdwlrq zlwk wkh
lqghwhuplqdf| ri wkh q0shuvrq sureohp1
Xqiruwxqdwho|/ qrw doo jdphv dgplw d fohdu vhsdudwlrq ehwzhhq vwudwhjlf dqg frdol0
wlrqdo txhvwlrqv/ dqg iru wkrvh wkdw gr qrw/ wkh fkdudfwhulvwlf0ixqfwlrq dssurdfk pxvw
eh prglhg ru dedqgrqhg1
41714

Wkh Frqfhsw ri f0jdph

Wkhuh duh dw ohdvw wzr pdmru olplwdwlrqv wr wkh dssolfdwlrq ri wkh fkdudfwhulvwlf ixqf0
wlrq1 Jdphv zkhuh rqh jurxs fdq wkuhdwhq ru gdpdjh wkh rwkhuv duh qrw hdvlo|
prghohg zlwk d fkdudfwhulvwlf ixqfwlrq1 Pdq| jdphv gr qrw doorz wkh fohdq vhs0
dudwlrq wkdw zh qhhg ehwzhhq txhvwlrqv ri vwudwhjlf rswlpl}dwlrq dqg txhvwlrqv ri
qhjrwldwlrq1 Iru h{dpsoh/ d sod|hu pd| kdyh d qxpehu ri srvvleoh wkuhdw vwudwhjlhv
djdlqvw d edujdlqlqj rssrqhqw1 Dowkrxjk zh fdq vwloo ghqh wkh fkdudfwhulvwlf ixqf0
wlrq iru vxfk yduldeoh0wkuhdw vlwxdwlrqv/ zh fdqqrw dqdo|}h wkhp surshuo| zlwkrxw
dgglwlrqdo lqirupdwlrq derxw wkh dfwxdo uxohv ri sod|1 Wklv lqirupdwlrq lv orvw zkhq
rqh sdvvhv wr wkh fkdudfwhulvwlf0ixqfwlrq irup1
D vhfrqg sureohp zlwk wkh fkdudfwhulvwlf ixqfwlrq dv ghqhg khuh lv wkdw uhsuh0
vhqwlqj d frdolwlrq*v zruwk e| d vlqjoh qxpehu lpsolhv iuhho| wudqvihudeoh xwlolw|1 Iru
wkh qrqwudqvihudeoh fdvh d glhuhqw qrwlrq ri fkdudfwhulvwlf ixqfwlrq lv uhtxluhg1
Wr vlpsoli| glvfxvvlrq/ Vkdsoh| dqg Vkxeln frlqhg wkh whup f0jdph iru d jdph
wkdw lv dghtxdwho| uhsuhvhqwhg e| lwv fkdudfwhulvwlf ixqfwlrq1 Zh gr qrw dwwhpsw d
fdwhjrulfdo ghqlwlrq ri wklv whup1 Zkdw lv dghtxdwh lq d jlyhq lqvwdqfh pd| zhoo
ghshqg rq wkh vroxwlrq frqfhsw wkdw zh lqwhqg wr hpsor|1 Wr vd| wkdw d jdph lv d
f0jdph lv phuho| d zd| ri dvvhuwlqj wkdw qrwklqj hvvhqwldo wr wkh xowlpdwh sxusrvh ri
wkh prgho lv orvw lq wkh surfhvv ri frqghqvlqj wkh h{whqvlyh ru vwudwhjlf ghvfulswlrq
lqwr d fkdudfwhulvwlf ixqfwlrq1
Dowkrxjk wkh ghqlwlrq ri f0jdph lv qrw fdwhjrulfdo/ wzr lpsruwdqw dqg hdvlo|
uhfrjql}hg fodvvhv ri jdphv txdoli| txlwh jhqhudoo| dv f0jdphv/ qr pdwwhu zkdw vrox0
wlrq lv dgrswhg1 Wkh uvw duh wkh frqvwdqw0vxp jdphv/ lq zklfk wkh wrwdo sd|r lv d
{hg txdqwlw|/ uhjdugohvv ri wkh vwudwhjlhv fkrvhq1 Lq vxfk d jdph/ wkh fkdudfwhulvwlf
ydoxh ri d frdolwlrq dffxudwho| uhsuhvhqwv lwv wuxh zruwk/ ehfdxvh wkh zruvw wkuhdwv
djdlqvw wkh frdolwlrq duh suhflvho| wkh sod|v wkdw pd{lpl}h wkh sd|r wr wkh sod|huv
rxwvlgh wkh frdolwlrq1 Wkh fkdudfwhulvwlf ixqfwlrq shvvlplvwlfdoo| dvvxphv wkh zruvw/
dqg lq wklv fdvh wkh zruvw lv d uhdvrqdeoh dvvxpswlrq1
Ri pruh lpphgldwh lqwhuhvw wr hfrqrplfv lv dqrwkhu fodvv ri f0jdphv/ fdoohg jdphv
ri frqvhqw ru jdphv ri ruwkrjrqdo frdolwlrqv1 Wkh lghd khuh lv wkdw qrwklqj fdq kdsshq
wr fkdqjh d sod|hu*v iruwxqh +sd|r, xqohvv kh klpvhoi lv d sduw| wr wkh dfwlrq1 Hlwkhu
|rx frrshudwh zlwk vrphrqh ru |rx ljqruh klp> |rx fdqqrw dfwlyho| kxuw klp1 Lq wklv
fdvh wkh rqo| wkuhdw e| rxwvlghuv djdlqvw d frdolwlrq lv qrw wr ehorqj wr lw0wkdw lv/ wkh
er|frww1 Wr vxp xs/ lq d frqvwdqw0vxp jdph |rx*uh hlwkhu zlwk xv ru djdlqvw xv>
lq d jdph ri frqvhqw |rx*uh hlwkhu zlwk xv ru zh grq*w fduh zkdw |rx gr1 Lq erwk
fdvhv d frdolwlrq pljkw dv zhoo dvvxph wkh zruvw dqg htxdwh wkh rxwvlghuv* lqwhqwlrqv
zlwk wkhlu fdsdelolwlhv1
8

Zkloh frqvwdqw0vxp jdphv duh uhodwlyho| xqfrpprq lq hfrqrplf wkhru|/ jdphv
vdwlvi|lqj wkh frqvhqw frqglwlrq dulvh lq pdq| sodfh/ prvw qrwdeo| lq prghov ri sxuh
frpshwlwlrq zlwkrxw h{whuqdolwlhv1
41715

Wkh jhqhudol}hg fkdudfwhulvwlf ixqfwlrq

Lq jdphv zlwkrxw xwlolw|0prqh| +x0prqh|,/ d vlqjoh lqgh{ qxpehu y+V, fdqqrw
frpsohwho| h{suhvv wkh zruwk ri wkh frdolwlrq V1 Iru rqh wklqj/ lw pdnhv qr vhqvh
wr oxps wrjhwkhu wkh sd|rv wr wkh phpehuv ri V/ vlqfh wkh| duh qr orqjhu iuhh wr
uhglvwulexwh wkh wrwdo dv wkh| sohdvh1 Lq idfw/ wkh wrwdo pd| eh phdqlqjohvv li wkh
sd|rv duh lq lqfrpsdudeoh xqlwv1 Exw hyhq d yhfwru ri sd|rv zloo qrw xvxdoo| eh
hqrxjk wr uhsuhvhqw wkh ehvw hruwv ri wkh frdolwlrq> d vhw ri yhfwruv zloo jhqhudoo|
eh uhtxluhg0ghqlqj d vruw ri frdolwlrq olplwhg Sduhwr ru pd{lpdo vxuidfh wr fdswxuh
wkh wuxh zruwk ru hhfwlyhqhvv ri V1
Wkhuh duh vhyhudo zd|v wr ghqh wklv fkdudfwhulvwlf vhw/ zklfk lv wudglwlrqdoo|
ghqrwhg e| Y +V,1 Vrph dxwkruv sodfh lw lq wkh vsdfh ri V0yhfwruv/ vlqfh rqo| wkh
sd|rv wr phpehuv ri V duh vljqlfdqw1 Zh wuhdw hdfk vsdfh ri V0yhfwruv dv d olqhdu
vxevsdfh ri wkh vsdfh ri Q0yhfwruv +zkhuh Q ghqrwhg wkh doo0sod|hu vhw,> wklv kdv
wkh hhfw ri pdnlqj hdfk hohphqw ri Y +V, d frpsohwh sd|r yhfwru ri wkh jdph e|
duelwudulo| dvvljqlqj }hur wr wkh sod|huv rxwvlgh V1 ]hur kdv qr lqwulqvlf phdqlqj lq
wklv irupxodwlrq +Eloohud dqg El{e| ^4`,1 Wkh prvw srsxodu ghylfh/ krzhyhu/ lv wr
pdnh Y +V, d ixoo0 hgjhg vxevhw ri Q0vsdfh/ ghqlqj lw dv wkrxjk wkh sod|huv rxwvlgh
V frxog jhw doo srvvleoh sd|rv1 Wklv pdnhv Y +V, d f|olqghu/ wkdw lv/ wkh Fduwhvldq
surgxfw ri d vxevhw ri wkh V0yhfwruv zlwk d olqhdu vsdfh ri glphqvlrq mQ  Vm1+Vfdui
^:`,1 Wklv h{shglhqw vlpsolhv vhyhudo edvlf irupxodv dqg ghqlwlrqv/ vxfk dv wkrvh
ri vxshudgglwlylw| dqg edodqfhgqhvv/ dqg dovr surylghv d pruh frkhuhqw jhrphwulfdo
slfwxuh iru wkh plqg*v h|h +vhh jxuh ehorz,1
α1

V (2,3)

α2
V (1, 2, 3)
V (1, 2)

α3

9

V (1, 3)

Iru vhyhudo uhdvrqv/ lw lv prvw frqyhqlhqw qrw wr zrun zlwk wkh pd{lpdo vxuidfh
dorqh/ exw wr lqfoxgh doo srlqwv wkdw olh ehorz lw1 Wkh frqyhqwlrqv fdq doo eh vxpphg
xs e| wkh iroorzlqj frqglwlrq= iru dq| wzr sd|r yhfwruv  dqg / li  5 Y +V, dqg
li l   l iru hdfk l 5 V/ wkhq  5 Y +V,=
Zh dozd|v ghqh Y +V, vr wkdw lw lv d forvhg vhw1 Lwv lqwhulru lv ghqrwhg e| G+V,>
lqwxlwlyho| G+V, lv wkh vhw ri doo sd|r yhfwruv wkdw wkh frdolwlrq V fdq lpsuryh
xsrq1 Lq pdq| dssolfdwlrqv Y +V, dqg G+V, zloo eh frqyh{ vhwv/ exw wklv lv qrw d
uhtxluhphqw1 Vlploduo|/ prvw dssolfdwlrqv vxshudgglwlylw| zloo krog> wklv frqglwlrq
wdnhv wkh iroorzlqj vlpsoh irup=
Y +V ^ W ,  Y +V, _ Y +W , li V _ W @ !=
Li zh wu| wr h{suhvv d wudqvihudeoh0xwlolw| jdph lq wklv qrwdwlrq/ wkh uhvxowlqj vhwv
Y +V, kdyh dq hvshfldoo| vlpsoh irup1 Wudqvihudelolw| phdqv wkdw zlwk dq| sd|r
S
yhfwru  lq Y +v, zh pxvw lqfoxgh doo rwkhu yhfwruv  .  zkhuh lMV l @ 31
Wkxv Y +V, lv d kdoi0vsdfh zkrvh xsshu erxqgdu| +zklfk lv doo wkdw uhdoo| pdwwhuv,
lv d k|shusodqh rulhqwhg lq d gluhfwlrq wkdw ghshqgv rqo| rq V1 Wkh htxdwlrq ri wklv
S
k|shusodqh kdv wkh irup ri lMV l @ frqvwdqw/ dqg wkh frqvwdqw lv wkh qxpehu y+V,
ri wkh wudqvihudeoh wkhru|1

5

Wkh Hgjhzruwk Fruh

Wkh Hgjhzruwk fruh/ erwk lq lwv vlgh0sd|phqw dqg qr0vlgh0sd|phqw yhuvlrq lv edvhg
rq wkh fkdudfwhulvwlf ixqfwlrq ri d f0jdph/ lw lv d jdph ri frqvhqw ru d jdph ri
ruwkrjrqdo frdolwlrqv/ l1h1/ d jdph lq zklfk zh pruh ru ohvv eholhyh wkh sodxvlelolw|
ri wkh vwru| ri krz lw lv ghulyhg1
Dv wkh lqyhvwljdwlrq ri wkh Hgjhzruwk fruh lv zhoo nqrzq rqo| rqh fdyhdw lv qrwhg1
Wkh prgholqj sureohpv lq h{whqglqj wkh h{fkdqjh hfrqrp| wr rqh zlwk surgxfwlrq ru
lq wu|lqj wr fdswxuh frqglwlrqv frqfhuqlqj ihdwxuhv vxfk dv qrq0v|pphwulf lqirupdwlrq
srvh juhdw gl!fxowlhv1 Pdq| dwwhpswv kdyh ehhq pdgh dqg wkhuh grhv qrw |hw dsshdu
wr eh d fohdu frqvhqvxv rq wkhvh h{whqvlrqv1
Lq wkh glvfxvvlrq khuh doo ri wkh uhpdunv duh olplwhg wr jdphv dvvrfldwhg zlwk dq
h{fkdqjh hfrqrp|1

6

Wkh Frxuqrw Fruh

Jlyhq wkh erg| ri olwhudwxuh rq Pdunhw Jdphv dqg rq Vwudwhjlf Pdunhw Jdphv/ d
qdwxudo txhvwlrq wr frqvlghu lv zkhwkhu wkhuh duh dq| zruwkzkloh wlhv zklfk fdq ixuwkhu
olqn wkhvh vrphzkdw glhuhqw prghv ri prgholqj dqg dqdo|vlv1 D khdg0rq dssurdfk
wr ghdolqj zlwk wkh frrshudwlyh ru frdolwlrqdo wkhru| olqn ri Vwudwhjlf Pdunhw Jdphv
wr Pdunhw Jdphv lv wr dffhsw wkh vwudwhjlf vwuxfwxuh ri wkh iruphu dv wkh xqghuo|lqj
sulplwlyh frqfhsw dqg wr dsso| wkh dssursuldwh rshudwruv wr lw lq rughu wr ghulyh dq
dffhswdeoh fkdudfwhulvwlf ixqfwlrq1

:

Wkh w|sh ri ehkdylru rshudwruv zklfk rqh pljkw frqwhpsodwh lq dwwhpswlqj wr
surgxfh d vdwlvidfwru| frdolwlrq irup pxvw eh deoh wr uh hfw uhdolvwlfdoo| wkh srvvl0
elolwlhv ri wkuhdw1 Lq wkh vwxg| ri roljrsrolvwlf ehkdylru dprqj ihz upv/ suhgdwru|
ehkdylru dqg wkuhdwv kdyh riwhq ehhq wdnhq lqwr frqvlghudwlrq1 D sureohp zlwk
prgholqj wkuhdwv lv krz grhv rqh uh hfw wkh frvwv dqg sodxvlelolw| ri wkh wkuhdw1 Plo0
lwdu| grfwulqh glvwlqjxlvkhv ehwzhhq fdsdelolwlhv dqg lqwhqwlrqv1 Rqh fdq dgrsw d
pd{plq dssurdfk zkhuh wkh dvvxpswlrq lv wkdw wkh frpsohphqwdu| frdolwlrq V zloo
wu| wr gr dv pxfk gdpdjh dv srvvleoh wr V> exw wklv lv kljko| shvvlplvwlf1 D pruh
uhdvrqdeoh zd| wr kdqgoh wkh ydoxdwlrq ri wkuhdwv lq d gdpdjh0h{fkdqjh udwh prgh
dv lv vxjjhvwhg e| Qdvk ^8` dqg h{whqghg e| Kduvdq|l dqg Vhowhq1
Dowkrxjk wklv dssurdfk dsshduv wr eh ihdvleoh dqg L frqmhfwxuh wkdw rqh fdq rewdlq
d sodxvleoh wkhruhp |lhoglqj wkh frqyhujhqfh ri wkh Frxuqrw fruh wrzdugv wkh vhw ri
frpshwlwlyh htxloleuld ri dq dvvrfldwhg wudglqj hfrqrp|/ li rqh lv frqfhuqhg sulpdulo|
zlwk wkh ehkdylru ri wkh fruh lq odujh jdphv/ wkh Zdoudvldq fruh zklfk uh hfwv wkh
odz ri rqh sulfh dqg fdq eh irupxodwhg lq d zd| wr dyrlg wkh wkuhdw sureohpv dsshduv
wr eh pruh iuxlwixo iru vhyhudo sxusrvhv1

7

Wkh Zdoudvldq Fruh

Udwkhu wkdq ehfrplqj hqphvkhg zlwk wkh sureohpv ri wkh dghtxdwh uhsuhvhqwdwlrq
ri wkuhdwv lq wkh Frxuqrw fruh/ |hw dw wkh vdph wlph prgli|lqj wkh Hgjhzruwk fruh wr
uh hfw d odz ri rqh sulfh/ ohw $ l dqg {l vwdqg uhvshfwlyho| iru wkh lqlwldo dqg qdo exqgoh
ri jrrgv khog e| dq lqglylgxdo l1 Dq V0doorfdwlrq lv ghqhg e| Tlq/ Vkdsoh| dqg
Vklprpxud ^9` dv Zdoudv0ihdvleoh li/ lq dgglwlrq wr vdwlvi|lqj Hgjhzruwk0ihdvlelolw|
lw lv vxssruwdeoh e| d sulfh vfkhgxoh/ wkdw lv/ li wkhuh h{lvwv d sulfh vfkhgxoh s 5 S
vxfk wkdw s  {l @ s  $ l krogv iru doo l 5 V  =
Wkh ihdvleoh vhw ri rxwfrphv dwwdlqdeoh e| d frdolwlrq V wkdw lv Zdoudv0ihdvleoh
zloo eh d vxevhw ri wkrvh vdwlvi|lqj wkh Hgjhzruwk0ihdvleoh frqglwlrqv1 Wkh| zloo
eh frqwdlqhg lq wkh f|olqghuv qrwhg lq wkh jxuh1 Tlq/ Vkdsoh| dqg Vklprpxud
hvwdeolvk wkh frqyhujhqfh ri wkh Zdoudv fruh wr wkh frpshwlwlyh htxloleuld7 dorqj zlwk
d ghwdlohg frpsdulvrq ri wkh glhuhqfhv ehwzhhq wkh Hgjhzruwk dqg Zdoudvldq fruhv1

8

Vrph Ixuwkhu H{whqvlrqv

D edvlf prwlydwlrq lq wkh ghyhorsphqw ri vwudwhjlf pdunhw jdphv zdv wr eh deoh
wr hqfrpsdvv wkh frrshudwlyh dqg qrq0frrshudwlyh jdph wkhru| dssurdfkhv wr wkh
sureohpv ri h{fkdqjh dqg sulfhv lq dq h{fkdqjh hfrqrp| lq d zd| wkdw wkhlu olplwlqj
ehkdylru frxog eh h{dplqhg dqg frpsduhg1 Lq hvvhqfh/ wkh uhsolfdwhg frrshudwlyh
vroxwlrqv ghvfulehg wudmhfwrulhv rq d +w|sh v|pphwu| dgmxvwhg, Sduhwr rswlpdo vxu0
idfh1 Wkh qdwxuh ri wkh vwudwhjlf irup lv wkdw lw uhtxluhv idu pruh ghwdlo lq ghvfulswlrq
wkdq wkh frrshudwlyh irup1 Lq hvvhqfh/ wkh vshflfdwlrq ri wkh vwudwhj| vhwv surylghv
7

H{lvwhqfh iroorzv lpphgldwho| iurp wkh revhuydwlrq wkdw wkh ihdvleoh vhw iru dq| frdolwlrq V xqghu
wkh Zdoudvldq ghqlwlrq lv frqwdlqhg lq wkh ihdvleoh vhw xqghu wkh Hgjhzruwk ghqlwlrq1 Wkxv iurp
wkh Hgjhzruwk uhvxowv wkh fruh zloo h{lvw exw eh orrvhu1

;

wkh h{lvwhqfh ri plqlpdo lqvwlwxwlrqv dv uh hfwhg lq wkh edvlf uxohv ri wkh jdph zklfk
vhuyh dv wkh fduulhuv ri surfhvv1 Wkh lqyhvwljdwlrq ri wkh fruh lv fduulhg rxw dw d kljkhu
ohyho ri devwudfwlrq wkdq wkdw ri wkh vwudwhjlf pdunhw jdph1 Lq d vhqvh/ lw lv ohvv lq0
vwlwxwlrqdo dqg pruh frqfhuqhg zlwk surshuwlhv zklfk duh lqyduldqw wr wkh ghwdlov ri
fkdqjhv lq lqvwlwxwlrqdo irup wkdw riwhq kdyh frqvlghudeoh lq xhqfh lq qrqfrrshudwlyh
dqdo|vlv1
Wkh wkuhh yduldwlrqv ri wkh fruh glvfxvvhg deryh duh qdwxudo uhodwlyhv wr wkh fodvv
ri xqghuo|lqj h{fkdqjh hfrqrplhv1 Ri wkh wkuhh yduldqwv wkh Zdoudvldq fruh dsshduv
wr eh dphqdeoh wr ixuwkhu h{whqvlrq dqg prglfdwlrq zklfk/ lq wxuq/ pd| uh hfw qrw
rqo| dvshfwv ri h{fkdqjh dqg sulfh exw wkh urohv ri prqh| dqg fuhglw lq dq h{fkdqjh
hfrqrp|1 Lq ixuwkhu zrun lq surjuhvv Tlq/ Vkdsoh| dqg Vkxeln duh frqvlghulqj wkh
h{whqvlrqv1
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